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$f(z)=_{Z}+ \sum^{\infty}n=2a_{n}zn$ $U=\{z\in \mathrm{C}:|z|<1\}$ .
$A$ . , $0\leq\alpha<1$ ,
${\rm Re} \{\frac{zf’(z)}{f(z)}\}>\alpha$ $(z\in U)$ (1.1)
$f(z)\in A$ $\alpha$ , $S^{*}(\alpha)$ . , $f(z)\in A$
$0\leq\alpha<1$ ,
${\rm Re} \{1+\frac{zf’’(Z)}{f(z)},\}>\alpha$ $(z\in U)$ (12)
, $\alpha$ . $K(\alpha)$ . $S^{*}(0)=S*,$ $K(0)=K$
.
Marx [9] Strohh\"acker [11] .
A. $f(z)\in A$ ,
${\rm Re} \{1+\frac{zf’’(z)}{f(z)},\}>0(z\in U)$ ${\rm Re} \{\frac{zf’(z)}{f(z)}\}>\frac{1}{2}(z\in U)$, (1.3)
,
$K(0) \subset S^{*}(\frac{1}{2})$ (1.4)
.
Jack [7] . , $\mathrm{M}\mathrm{a}\mathrm{c}\mathrm{G}\mathrm{r}\mathrm{e}\mathrm{g}_{\mathrm{o}\mathrm{r}}[8]$ ,
Willken-Feng [$13|$ .
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B. $f(z)\in A$ ,





$\frac{1-2\alpha}{2^{2-2\alpha}(1-2^{21}\alpha-)}$ $( \alpha\neq\frac{1}{2})$ ,






$p$ $n$ , $U$ $f(z)=z^{p}+ \sum_{k=n}^{\infty}ap+kz^{p+k}$ $A_{p}(n)$
$\text{ }$ . $0\leq\alpha<p$ $f(z)\in A_{p}(n)$
${\rm Re} \{\frac{zf’(z)}{f(z)}\}>\alpha$ $(z\in U)$ (2.1)
, $\alpha$ ? , $S_{p}^{*}(\alpha)$ . , $0\leq\alpha<p$
,
${\rm Re} \{1+\frac{zf’’(z)}{f(z)},\}>\alpha$ $(z\in U)$ (2.2)
$f(z)\in A_{p}(n)$ $\alpha$ $P$- , $\mathrm{A}’(p\alpha)$ .
$A_{p}(1)=A_{p}$ . $A_{1}=A,$ $s_{1}^{*}(\alpha)=s*(\alpha),$ $K1(\alpha)=K(\alpha)$ .
2 . 1 Fukui-Sakaguchi [5], Jack [7], Miller-Mocanu [10]
. 2 1 ([2] ).
1. $n\geq 1$ , $w(z)= \sum_{k=n}^{\infty}a_{k}Z^{k}$ $U$ . $\max|z|=r|w(z)|=|w(z_{0})|$
$z0=r\mathit{0}ei\theta_{0}(r_{0<}1)$ , $\frac{z_{0}w’(Z0)}{w(Z_{0})}\equiv m$ , $m\geq n$ .
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2. $P$ $n$ , $p(z)=p+ \sum_{k=n}^{\infty}bk^{Z}k$ $U$ $\text{ }$
.
$\cdot$ ,
$z_{0}\in U$ , ${\rm Re}\{p(Z)\}>{\rm Re}\{p(Z_{0})\}\equiv\gamma(|z|<|z_{0}|)$ ,
${\rm Re} \{\frac{z_{0}p’(z\mathrm{o})}{p(z\mathrm{o})}\}\{$
$\geq\frac{n\gamma}{2(\gamma-p)}$ $(\gamma\leq 0)$ ,
$\leq\frac{n\gamma}{2(\gamma-p)}$ $(0 \leq\gamma\leq\frac{p}{2})$ ,








$p(z) \equiv\frac{zf’(z)}{f(z)}=p+pa_{n^{Z^{n}}}+\cdot$ ‘ $\cdot$ , $1+ \frac{zf’’(\mathcal{Z})}{f(z)},=p+bn^{Z^{n}}+\cdots$
, ${\rm Re} \{\frac{1+zf’’(Z)}{f(z)},\}>\alpha(z\in U)$ , $p(z)$ $1+ \frac{zf’’(Z)}{f(z)},=$
$p(z)+ \frac{zp’(_{Z})}{p(z)}$ . , .
1. $f(z)\in A_{p}(n)$ $p,\alpha$ $0\leq\alpha<p$
${\rm Re} \{1+\frac{zf’’(Z)}{f(z)},\}>\alpha$ $(z\in U)$ (3.1)
${\rm Re} \{\frac{zf’(z)}{f(z)}\}>\beta$ $(z\in U)$ (3.2)
. , $\beta$ $0\leq\beta<p$
$0 \leq\beta\leq\frac{p}{2}$ $\beta+\frac{n\beta}{2(\beta-p)}\leq\alpha$ (3.3)
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$\frac{p}{2}\leq\beta<p$ $\hslash^{\mathrm{a}}.\supset$ $\beta+\frac{2(\beta-p)}{n\mathcal{B}}\leq\alpha$ (3.4)
.
, $K_{p}(\alpha)\subset S_{p}^{*}(\beta)$ (3.3) (3.4) .
. .
$p(Z)= \frac{zf’(_{Z)}}{f(z)}$
, $p(\mathrm{O})=p,$ $0\leq\beta<p$ $z=0$ ${\rm Re}\{p(Z)\}>\beta$ , $z_{0}\in U$







1 $\alpha=0,$ $p=n=1$ , A . , $p\geq 2$ ${ }$ $<p$
$n\geq P$ , .
1. $P\geq 2,1\leq n<P$ , $f(z)\in A_{p}(n)$ . ${\rm Re} \{1+\frac{zf’’(Z)}{f(z)},\}>0(z\in U)$
${\rm Re} \{\frac{zf’(_{Z)}}{f(z)}\}>0(z\in U)$ . , $K_{p}(0)\subset S_{p}^{*}(0)$ . sharp .
$n=1$ Fukui [4], Sugawa [12] . $n=1$ $S_{p}^{*}(0)$
$\beta$ , $S_{P}^{*}(\beta)$ ,
. $1<n<p$ .
2. $2\leq P\leq n$ . , $f(z)\in A_{p}(n)$ $f(z)\in K_{p}(0)$
$P\leq n\leq 2p$ ${\rm Re} \{\frac{zf’(z)}{f(z)}\}>p-\frac{n}{2}$ $(z\in\dot{U})$ (3.5)
$2p\leq n$ ${\rm Re} \{\frac{zf’(z)}{f(z)}\}>\frac{-n+\sqrt{n^{2}+8np}}{4}$ $(z\in U)$ (3.6)
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., $n=p$ .
$. $f(z)$ $f(z)\in A_{p}(p)$ $f(z)=z^{p}+ \sum_{k=2p}^{\infty}a_{k}z^{k}$ $U$ .
${\rm Re} \{1+\frac{zf’’(Z’)}{f(z)},\}>0(z\in U)$ ${\rm Re} \{\frac{zf’(Z)}{f(z)}\}>\frac{P}{2}(z\in U\rangle$ . ,\rightarrow $K_{p}(0)\subset$
$S_{p}^{*}( \frac{p}{2})$ . sharp , $f(z)= \frac{z^{p}}{1-z^{p}}$ .
3 $p=1$ A , A .
\S 4. sharp
1 $S_{p}^{*}(0)$ sharp . 2 , sharp
. 3 , .
2 $f(z),g(z)\in A_{p}(n)$ ,
$f(z)=p \int_{0}^{\mathrm{z}}$ $\frac{g(w)}{w}dw\Leftrightarrow 1+\frac{zf’’(z)}{f(z)},=\frac{zg’(Z)}{g(z)}$ (4.1)
,
$f(z)\in K_{\mathrm{P}}(\alpha)\Leftrightarrow g(z)\in S_{p}^{*}(\alpha)$ (42)
. , $g(z)\in S_{p}^{*}(\alpha)$ , g0 $(z)= \frac{z^{p}}{(1+z^{n})21\mathrm{P}^{-}\alpha)/n}$ – ,
$\frac{zg’(z)}{g(z)}\prec\frac{zg_{0}’(z)}{g_{0}(z)}=p\cdot\frac{p-(2\alpha-p)zn}{1+z^{n}}$ (4.3)
. , $\prec$ subordination .
g0 $(Z)\in S^{*}(p\alpha)$ ,
$f_{0}(Z)=p \int_{0}z\frac{g_{0}(w)}{w}dw=p\int 0\frac{w^{\mathrm{p}-1}}{(1+w^{n})^{2}(p-\alpha)/n}zdw\in R_{p}’(\alpha)$ (4.4)
${\rm Re} \{\frac{zf_{0}’(z)}{f_{0}(z)}\}>\beta(z\in U)$ $\beta$ . , $z\in U$
$\beta$ . , $\frac{zf_{0}’(z)}{f_{0}(z)}$ $U$ ’ ${\rm Re} \{\frac{zf_{0}’(\chi)}{f_{0}(z)}\}$
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fJ‘ 6 $1^{\vee} \succeq\ovalbox{\tt\small REJECT}’\vee \mathrm{f}\mathrm{X}6\hslash\backslash \dagger\frac{\supset}{}$ , $|| \leq’\min_{z}{\rm Re}\{\frac{zf_{0}’(z)}{f_{0}\langle z)}\}(0<r<1)$ $rarrow 1$ ,
inf ${\rm Re} \{\frac{zf_{0}’(Z)}{f_{0}(\chi)}\}$ . , $|z|=1$ $z=e^{i\theta}$ .
, $f_{0}(z)=p \int_{0}^{z}\frac{w^{p-1}}{(1+w^{n})2(p-\alpha)/n}dw,$ $z=e^{i\theta} \text{ }(ei\theta)=p(\int_{0}^{1}+\int_{1}^{e}.)|\theta=p(A+B)$
. ,
$A= \int_{0}^{1}\frac{t^{p-1}}{(1+t^{n})2(p-\alpha)/n}dt>0$ , (4.5)
$B= \int_{1}^{e}\frac{w^{p-1}}{(1+w^{n})^{2(p}-\alpha)/n}:\theta dw=i\int^{\theta}0\frac{e^{i\alpha\theta}}{2^{(p-\alpha})/n(1+\cos n\theta)(p-\alpha)/n}d\theta$. (4.6)
,
$B=i[C(\theta)+iS(\theta)]$ , (4.7)
$C( \theta)=\int_{0}^{\theta}\frac{\cos\alpha\theta}{2^{\{p-\alpha})/n(1+\cos n\theta)^{(\alpha}p-)/n}d\theta$ , (4.8)
$S( \theta)=\int_{0}^{\theta}\frac{\sin\alpha\theta}{2(p-\alpha)/n(1+\cos n\theta)(p-\alpha)/n}d\theta$ (4.9)
. $\alpha=0$ , $\varphi\langle z$) $= \frac{zf_{0}’(Z)}{f_{0}(z)}$ ,
$\varphi(e^{*\theta}.)=\frac{e^{i\theta}f_{0}’(e)\dot{i}\theta}{f_{0}(e^{\dot{2}})\theta}=\frac{df_{0’}(e^{i\theta})/d\theta}{if_{0}(e^{i})\theta}$
$= \frac{p[A+iC(\theta)]\prime}{ip[A+iC(\theta)]}=\frac{ipC’(\theta)}{ip[A+ic(\theta)]}=\frac{C’(\theta)}{A+iC(\theta)}$ .
${\rm Re} \{\varphi(e^{i\theta})\}=\frac{AC’(\theta)}{A^{2}+C^{2}(\theta)}$ . (4.10)
, $0\leq\theta<2\pi$ .
$C’( \theta)=\frac{1}{2p/n(1+\cos n\theta)p/n}>0$ (4.11)
.
$k=p/n$
(1) $k>1(p>n)$ $0 \leq\theta<\min_{\pi}[{\rm Re}\{\varphi(e)i\theta\}]=0$ ,
(2) $k=1(p=n)$ ${\rm Re} \{\varphi(ei\theta)\}=\frac{P}{2}$ ,
(3) $0<k<1(p<n)$ $\min_{0\leq\theta<2\pi}[{\rm Re}\{\varphi(e)i\theta\}]=\frac{C’(\mathrm{o})}{A}$
22
., (1) , (4.10) ${\rm Re}\{\varphi(e^{i}\theta)\}$ , (4.5) $A= \int_{0}^{1}\frac{t^{\mathrm{p}-1}}{(1+t^{n})2p/n}dt>0$,
(4.11) $C’(\theta)$ , $\lim\varphi(e^{i\theta})=0$ .
$\thetaarrow\pi/n$
$C’( \theta)=\frac{1}{2^{2k}(\cos n\theta/2)^{2k}}$ , $C( \theta)=\int_{0}^{\theta}\frac{1}{2^{2k}(\cos n\theta/2)^{2k}}d\theta$
$n\theta$




$C( \theta)=\int_{0}^{t}2^{k}-1-n1(1+t)k-1dt=O(2k-1)t^{2}$ $(tarrow\infty)$ .
$k>1$ , $\frac{AC’(\theta)}{A^{2}+C(\theta)2}=O(t^{-}2k+2)$ $\lim_{\thetaarrow\pi/n}\frac{AC’(\theta)}{A^{2}+C(\theta)2}=0$ .
, (2) $k=1$ (4.5), (4.8), (4.11)
$A= \int_{0}^{1}\frac{t^{p-1}}{(1+i^{p})^{2}}di=\frac{1}{2p}$ , $C( \theta)=\int_{0}^{\theta}\frac{1}{2(1+\cos p\theta)}d\theta=\frac{1}{2p}\tan\frac{p\theta}{2}$ , $C’( \theta)=\frac{1}{4}\frac{1}{\cos^{2}(p\theta/2)}$
$\frac{AC’(\theta)}{A^{2}+C(\theta)^{2}}=\frac{p}{2}$ .
(3) $0<k<1$ ,
${\rm Re} \{\varphi(e^{i\theta})\}=\frac{AC’(\theta)}{A^{2}+C^{2}(\theta)}\geq\frac{C’(\mathrm{o})}{A}$ (4.12)







$= \overline{2}\overline{\sqrt{\frac{2^{2p/n}}{2p/n(1+\cos n\theta)p/n}-1}}-\frac{1}{2p/n(1+\cos n\theta)p/n}$
$= \frac{1}{2p/n(1+\cos n\theta)p/n}\{\frac{Ap}{2}2^{2p}/n_{\frac{\sin^{n}\theta}{1+\cos n\theta}\frac{1}{\sqrt{\frac{1}{\cos^{2p/n}(n\theta/2)}-1}}}-1\}$
23
, $\tan\frac{n\theta}{2}=t$ , $k=p/n(0<k<1)$
$g’( \theta)=\frac{1}{2^{2k}\cos^{2k}(n\theta/2)}\dagger\frac{Ap2^{2k-}1t}{\sqrt{(1+t^{2})^{k}-1}}-1\}$






$0<h(x)<k$ . , $\frac{t}{\sqrt{(1+t^{2})^{k}-1}}>\frac{1}{\sqrt{k}}>1$ . , - $A$




, $t>0$ $g(\theta)$ . , $g(\theta)$ $\theta=0$ , $g(\mathrm{O})=0$
, $g(\theta)\geq 0$ . , $f_{0}(z)=p \int_{0}^{z}\frac{z^{p-1}}{(1+Z^{n})^{2_{\mathrm{P}}}/n}dz$ $k=p/n$ , (4.12)




, $f(z)\in s*\mathrm{p}(\beta)$ .
$I\zeta_{p}(\mathrm{o})\subset S_{p}^{*}(\beta)$ , $\beta=\frac{n\Gamma(p/n+1/2)}{\sqrt{\pi}\Gamma(p/n)}$
. , $n\geq P$ . sharp .
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